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This paper considers the linear response of a homogeneous uniformly rotating
ocean of infinite horizontal extent with a discontinuity in depth to a variable
horizontal wind stress. It is shown that, for either a transient or time-periodic
wind stress which is suddenly applied to an initially calm sea surface, the
asymptotic response far from the forcing region is dominated by an outgoing
dispersive wave which is trapped along the depth discontinuity, i.e. a double
Kelvin wave. Plots of the forced wave patterns in the neighbourhood of the depth
discontinuity itself are also presented.

1. Introduction

The trapping of long surface waves by isolated topographical features in the
ocean has been the subject of several recent investigations (Buchwald 1969;
Buchwald & Adams 1968; Longuet-Higgins 1967, 19684, b; Rhines 1967). The
purpose of this paper is to report an investigation of the wind generation of one
such class of waves known as double Kelvin waves or seascarp waves (see
Longuet-Higgins 1968a). According to Longuet-Higgins, a straight discontinuity
in depth in a rotating ocean can act as a wave-guide for the propagation of long
waves along the discontinuity; away from the discontinuity the sea surface
decays exponentially. On the basis of linearized shallow-water wave theory, it
can be shown that, for any given wavelength, there is precisely one such permis-
sible wave motion, and its period always exceeds one pendulum day, i.e. 1ff,
where f is the Coriolis parameter. Further, in a specified hemisphere, double
Kelvin waves can propagate in only one direction: when f > 0 (< 0) the shallower
(deeper) water is to the right of the direction of propagation.

In §2 a partial differential equation for the wind-driven sea surface oscillations
is derived from the equations of linearized shallow-water theory. In §3 transform
methods are used to formally solve an initial value problem for the response of the
sea surface to a general space-time distribution of horizontal wind stress. The
results of §3 are then used to obtain the response to two specific wind-stress
distributions: (i) a transient wind stress which has a step-function spatial
dependence (§4) and (ii) a time-periodic wind stress which has an exponential
spatial behaviour. Also, the stress fields considered in §§4 and 5 are non-divergent
and have a component only in the direction normal to the discontinuity in depth.
In each example it is shown that the asymptotic sea level response near the depth
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discontinuity but far from the wind-stress domain is dominated by an outgoing
double Kelvin wave. In §6 plots of the wave patterns derived in §§4 and 5 are
presented and discussed in some detail.

2. Basic equations

We shall assume that the motions are driven by the horizontal wind stresses
alone, which in turn can be represented as body forces in the equations of motion.
It is easily shown that, for normal weather systems over the deep ocean, the
forcing terms in the equations of motion due to atmospheric pressure fluctuations
are considerably smaller than those due to the horizontal wind stress. Further,
we shall assume that the hydrostatic approximation is applicable. Then, for a
homogeneous uniformly rotating fluid, the linearized non-dissipative equations
expressing conservation of momentum and mass are given by

du* o
w0 E =
(2.1)
w* . F
s I =
dhu*) . v*  oE*
on* +ka—y—* at—* = 0; (22)

where z*, y* are the Cartesian co-ordinates in the horizontal plane, t* is the time,
£* is the sea surface distortion, u*, v* are the components of velocity in the
x*, y* directions, A is the equilibrium depth, assumed to be a function of 2* only,
[ is the Coriolis parameter, g is the acceleration of gravity, p is the density of
water, 7%*, 7%" are the components of wind stress in the z*, y* directions.

From (2.1) we have

Lu* = —g( A o L
ox*ot* ¥ oy* ph ot*
0% orv*
* — * — *
Lw* = g( By ot fax*) &+ ( fret 8t*)’

where L = f2+ 92/0t*2. From (2.2) and (2.3) it follows that £* satisfies the equation

(2.3)

o dh 02
* __
[WH P (ax* it g ) 8t*] & = (2:4)
where F* = i[V* oc +f(V* x ©*)
P9 ot* «

We remark here that, for the particular wind-stress fields discussed in this paper,
only the second term in F'* enters into the analysis (see §§4 and 5). For a baro-
tropic study this term is more important than the horizontal divergence term,
since the former is independent of the density structure in the ocean.

In (2.3) and (2.4) we now approximate L by f? since, for typical seascarps,
double Kelvin waves have periods of several days. The physical implication of
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this approximation is that inertio-gravity waves do not appear in the analysis.
Further, following Longuet-Higgins (1968a), we consider the depth profile

h:{kl for z* <O,
hy, for x*>0,

where, without loss of generality, we assume A; < k,. If we denote the regions
2*¥ < 0 and z* > 0 by the subscripts 1 and 2 respectively, (2.4) becomes

(V3 —%gh;) 1o = F¥fhy (G =1,2) (#9)

As boundary conditions we require that £¥ and £¥ be bounded far from the dis-
continuity in depth.} At + = 0 we require that the surface elevation and normal
transport be continuous, i.e.

[£*]5=0, [hu*];=0.
‘We now define the non-dimensional variables

x,y = kolx*, y*), t=o,t% }
T = T*/Ty, £ =&¥/E
where &, = 7/pghy ks and kg, o5, and 7, are respectively the length, time, and

stress scales which appear in the forcing function F*. Further, we define the
non-dimensional parameters

(2.6)

Yy=holhy > 1, S=0,)f>0, e=f2ghyk3 > 0. (2.7)

Throughout the analysis it will be assumed, unless otherwise specified, that
(i) v is not significantly greater than unity and (ii) § and ¢ are small compared
with unity. On employing (2.6) and (2.7) in (2.5), we obtain

(Vi —er)§y, = VF/&} 2.8)
(Vi —€) £y, = FS,
where F =6Vy g+ (VX)) (2.9)
The boundary and continuity conditions now take the form
|&], |&2| < M (a constant) as x—>—00,00 (2.10)
and £,=§& at x= O,} (2.11)
P(&) =vP(E,) at z=0,
where P = §06%/ox ot +0/oy.

1 In the solution for free double Kelvin waves, the appropriate boundary conditions are
£, £¥ > 0 as x* > — o0, o0 respectively. However, the forced solution contains terms in
addition to those corresponding to double Kelvin waves, so that these more general
boundary conditions are imposed.
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3. Sea level response to a horizontal wind stress of general form

We assume that for ¢ < 0 the sea surface is at its equilibrium level, i.e.
£;=0 for t<0 (j=1,2), (3.1)

and that at ¢ = 0 a wind stress is suddenly applied. With these initial conditions
now specified, we take Fourier and Laplace transforms of (2.8)-(2.11). Upon
defining  ;

{i—;g ,]: 3} = f _: exp (—iky) dy f : exp (— st) {%E: 32} dt  (3.2)

and assuming that £;, 9€;/dy, and F — 0 as |y| - oo, equations (2.8) together with

(3.1) yield (d?)de2— K2)E, = yF/é‘s,} 3.3
(d?/dx? — K3) E, = F|ds, '
where K, = (®+ey)t and K, = (k®+¢)b.

Since K, and K, are not single valued in the complex variable k, we choose the
Riemann sheet for which K,, K, > 0 when £ is real. In the (x,k, s)-space the
conditions (2.10) and (2.11) become

|E1|, |Zz| <M as z—>—00,0 (3.4)
and £ = E2 at x=0,

where P = dsd/dx + ik. The solutions to (3.3) which satisfy (3.4) can be written

i the form 7 o k,5) = 4y(k, 8)exp (K1) + By ., 5), }
gz(x: k, 8) = Az(k’ 8) exp ( - sz) + E2p(m7 k7 8),

where £, £,, are particular integrals of (3.3) which are bounded in the limit

x—>—o0,00 respectively. The unknown coefficients in (3.6), A, and 4,, are
determined from the continuity conditions (3.5); we find that

(3.6)

A, = [ﬂ+ya(68K2—.ik)]/A,} (3.7)
Ay = [f—a(ds K, +1ik)]/A,
where the functions «, 8, and A are given by
alk,s) = £5,(0,k,8) — E,,(0, k, s),
ﬂ(k?s) = ’Lk[yg2p(05 k, 8)—Elp(0,k, s)] (38)

+ 05y d&,,(0, k, ) [dax — dE, (0, k, 8)/da],
A(k,s) = ds(K,+yK,) —ik(y —1).

Hence the sea level response is obtained from (3.6), which are now known func-
tions, by inverting the Fourier and Laplace transforms, viz.

Ei(x,y,t) = ﬁfﬁo exp (tky) dkfiw exp (st) €;(x, k, s) ds. (3.9)
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In (3.9) it is to be understood that the inversion path in the s plane must be
indented to the right of any singularities of £; which lie on the imaginary s axis.
Also, the inversion path in the k-plane must be suitably indented above or below
any singularities of £; which lie on the real k axis; the appropriate indentations
in this path are to be determined by the familiar Sommerfeld radiation condition.

4, Response to a transient wind stress

As our first example, we consider a transient wind stress which, in dimensional
variables, has the form

7" = 7o H(t*) H(y*) exp (-~ Uot*)’} (4.1)

TV =0,

where o, 7, > 0 and H(u) is the unit step function. This stress field could be
regarded as a rough approximation to part of the wind field associated with the
sudden intensification and gradual decay of a large anticyclonic weather system
centred over the escarpment. In this case it is clear that we use oy! and 7, to
non-dimensionalize the time and stress. However, since there is no specific
length scale in (4.1), we non-dimensionalize z* and y* by ky! = (gho)} f~1, which
implies that € = 1 in this model (see (2.7)). From (2.9) we find that the forcing
function for this problem reduces to

Fly,t) = — H(t) 8(y) exp (1), (4.2)

where d(y) is the Dirac delta function. The application of (3.2) to (4.2) yields
F = 1/(s+1). Hence the particular integrals of (3.3) are given by

Eip = 7/9s(s+1) K3,

2 4.3
2, = 1/os(s+1) K3, | (%9)

where, in view of the choice of length scale for this problem,
Ky =(+y)} K,=(#+1)k (4.4)

Throughout the remainder of this section, it is to be understood that the functions
K, and K, take on the values defined by (4.4). From (3.7), (3.8), and (4.3) we

find that 4, = yB(i—ask/Kz)/K%,} s
A, = B(i+0sk/K,)| K3, (4.5)
where B(k,s) = (y—=1)k/ds(s + 1) A.

Hence, from (3.9) we have

£z, y,t) = (1/47121:)‘[0o

exp (ily) k| exp st) L4, oxp (Kyo) +7/ds(s + 1) K1 ds,
© C

o}

ol y,t) = (1/4ﬂ2i)f wexp (tky) dkfo exp (st) [A,exp(—K,x)+1/0s(s + 1) K] ds,

(4.6)
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where 4, and A, are given by (4.5) and C denotes the path from s = —3400 to
8 == g00 indented to the right of s = {w, where

w(k) = (v —1)k[0(K, +7K,). (4.7)

In the s plane, the only singularities of the integrands in (4.6) are the simple
poles at s = 0, —1, and sw; hence the Laplace inversion is straightforward and
we do this first. For ¢ > 0 we thus obtain

£, = (y/2n8) | dkexp (iky) [1—exp (K,2)]/K?

+[yexp(— t)/2n8]fjow dk exp (tky)

by = 1) (K + 88) exp (K,2)] DK, — /K
+(rizm) [ dbexplithy+on)+ Kool (K + K)DK Ky, (49)

£, = (1/2m0) [ dkexp(ity) [ —exp (- K;2))/K3
+ (exp(— t)/2718)f N dk exp (iky)

x [k(y —1) (¢K, — 8k) exp ( — K, )/ DK, —~ 1]/ K}
+(y/2m) f wwdk oxp [i(ky + o) — K @] (K, + K) /DK, K. (4.9)

Fort < 0,wehavef; = 0(j = 1,2). In (4.8) and (4.9) the function D is defined by
D(k) = §(K+yK,)+ik{y—1).

From (4.8) and (4.9) we note that in each region the response consists of the
superposition of steady-state, transient, and wave-like terms. Most of the
integrals which appear in (4.8) and (4.9) cannot be evaluated in terms of known
functions. Thus, for a complete description of the forced sea level behaviour,
several numerical integrations would be required. We shall not present any such
computations at this stage, however; we shall discuss instead the asymptotic
behaviour of the solution, which in itself is fairly instructive. For y > 1 and z of
order unity each contribution to £, and £, is exponentially small. This is also true
for —y > 1 with the exception of the wave-like integrals which contribute terms
of order (—y)~* when both —y > 1 and ¢ > 1. In each region these dominating
terms, when combined appropriately, represent a double Kelvin wave progressing
in the negative y direction; away from the discontinuity the wave amplitude
decays exponentially. It is important to note that if y = 1, which corresponds to
an ocean of uniform depth, there is no such trapped wave in the solution (see
(4.7)).

We now discuss in some detail the asymptotic sea level behaviour in the
neighbourhood of the discontinuity itself, where the amplitude of the response
is a maximum. From (4.8) and (4.9) we have

£(0,y,8) = £,(0—,y,t) = £x(0+,9,¢)
= Er+ &, (4.10)
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where Erly,t) = —exp( —t)fw exp (tky) g(k) dk, (4.11)
Ewnt) = [ explilky+olb) g, (412)
in which g(k) = y(K,+ K,)/2nDK, K,.

In the k plane, g(k) and w(k) have branch points at k = +7 and k = + ¢y?. Since
the inversion path is along the real axis, we extend the branch cuts out to infinity

k,
Branch lines
k=il
k=1 )
k=ip @ k,
k= —iy
Branch lines

Ficure 1. Diagram showing the location of the branch points, branch lines,
and pole in the k plane, where k = k, + ik,.

in the first and fourth quadrants (see figure 1). Further, g(k) has a simple pole at
k = ip, where D(k) vanishes; for 0 < § € 1, p ~ y¥8/(y*—1) > 0. The asymptotic
behaviour of £, for |y| > 1 can be found fairly easily by Laplace’s method (for an
excellent discussion of this method, see Carrier, Krook & Pearson 1966, chapter 6).
It follows from (4.11) that, for 0 < § € 1,

Ep ~ —H(y)yH(yt —1)exp (—py —1)
+sgn (y) y(y — V)~ (2n|y|)*
x [exp (—t—|y|)+v~texp(—t—7t|y|)]
+O0[lyl~texp(—[yD] (jy| > V). (4.13)
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The first term in (4.13) represents the contribution due to the pole at k = ip; the
remaining terms arise from integrating around the branch cuts. Before discussing
the asymptotic behaviour of £y, we first rewrite (4.12) in the form

fr = expl-sfnow ar, (414)

where flk) = —ilk + poulk)], (4.15)

in which g = t/y. We now use the method of steepest descent to determine the
behaviour of (4.14) for large |y| and ¢. In the appendix it is shown that, for
0 < 8 < 1and (y—1)8 = O(1), f(k) as defined by (4.15) has saddle-points only if
B <0, ie. only if y < 0. Further, there are precisely two saddle-points when
y < 0, and these satisfy the equation

dojdk = —1/8 > 0. (4.16)

It follows that the dominant contributions to (4.14) arise from the neighbourhood
of those k values which satisfy (4.16); the quantity —1/8, of course, represents
the group velocity associated with each of these wave-numbers. Thus, for y < 0
we find (see appendix for details) that

£ ~ 4y¥d(y —1)sin@— (v +1) cos @]
T (= 2my)kmi[(y - R+ 8%y + 1)
where m = [—2(y—1)/dy}y +1)213,
Q = myty +(y~1)t/(y + 1)3+ﬂ/4-}
For y > 0, however, £ behaves like
Lw ~ yi(yt—1)exp(—py—t) +Olytexp(—y)] (¥>1).  (4.19)

From (4.10), (4.13), (4.17) and (4.19) we consequently have that the asymptotic
sea level response at the depth discontinuity is given by

4ytsin (@ —¢)

(—y>1 and t>» 1), (4.17)

(4.18)

£40.9.8) ~ (— 2my)i m¥(y — 1)2+ 8%(y + 1)2)} (zy>1 and E> 1), (4.20)
~ Olytexp(-y)] @ >1),
where ¢ = cot7 [6(y +1)/(y — D]

We note from (4.20) that the asymptotic response is dominated by a dispersive
wave which propagates away from the region where the wind stress is applied.
For small changes in ¢ and fixed y < 0, this wave has a period of approximately
(y+1)/(y—1) pendulum days (see (4.18)), which corresponds to the period of a
free non-divergent double Kelvin wave (see Longuet-Higgins 19684). For plots
of the function £(0,y,¢) and a further discussion of the solution, the reader is
referred to §6.
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S. Response to a time-periodic wind stress
We now consider the response to a time-periodic wind stress of the form
T = %TOH(t*)cos(aot*)exp(—ko]y*[),} (5.1)
T = 0, '

where oy, ko, T, > 0. This stress field could be regarded as a rough approximation
to fluctuating winds caused by alternating anticyclonic and cyclonic weather
systems. In this example we non-dimensionalize the distance, time and stress by
ky!, o5 and 7, respectively. The forcing function (2.9) which corresponds to (5.1)

is given by F(y,t) = LH(t)sgn (y) exp (— |y|) Re [exp (it)). (5.2)

Following the procedure outlined in §3, the response to the forcing function
(5.2) is again easily obtained as a linear combination of Fourier integrals. For the
sake of brevity, however, we shall not present all the details of the solution since
it is quite similar in form to the solution given by (4.8) and (4.9). For example, the
response to (5.2) in the region x > 0 is given by the real part of the following
expression;

&=~ dbexp(ity) (1 —exp (- KN /K3

vexp(it)|  dkexp (iky) b/ K2

—exp (it)f dk exp (tky — Kqx) hk(y — 1) (K, + 6k)|EK, K2
r

+y3f dkexp [i(ky + wt) — K 2] (K, + K,) R/ EK | K,,
r

i

where hk) = k/2mnd(k2+ 1),
w(k) = k(y—1)[0(K,+7K,),
E(k) = k(y — 1) = 8(K  +7Ky),

and I’ denotes the path from %k = —o0 to & = + o0 indented above the pole at
k = q > 0; for small 6 and ¢, ¢ ~ 8(ye)? (y* — 1). With this choice for I, the radia-
tion condition is automatically satisfied.

The most significant difference between the two solutions is that large amplifi-
cation of the sea level response (i.e. resonance) can now occur since F(y,t) is
periodic in time (see below). The asymptotic response at the depth discontinuity
is given by

vexp(—y) . [y=1¢] .
.00 ~ X5 i e s om ] wx . 6

f

4y(y —1)sin (E)
SO0 ™ a9 [y = 1P = %y + 17

Sreis ol e e I L )
(5.4)
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where b = (ey)},

n = [—2(y—1)4/6b(y+1)213, (5.5)
R = nby+ (y—=1t/(y+1)6+1m.

From (5.3) and (5.4) we note that, provided & = o/f &+ (y—1)/(y +1), the
response is exponentially small except for the double Kelvin wave travelling in
the negative y direction. As in the previous example, its period is approximately
given by (y+1)/(y—1) pendulum days; its amplitude, however, falls off like
(—¥)? (see (5.4) and (5.5)). Finally, in the limit oy—>o* = f(y —1)/(y +1), it is
easily seen that resonance occurs: for ¥ > 0 the response behaves like ¢ cos (t) as
04— 0*; for y < 0 on the other hand, only the double Kelvin wave is amplified
and its amplitude behaves like (g — *)~1 as o> o*.

6. Graphs of the response at x = 0

To gain a deeper understanding of the wave motions associated with the solu-
tions obtained in §§4 and 5, we shall now present a number of figures which depict
the sea level response £(0, y,t) at successive instants of time. In the calculations
for the wave profiles illustrated below we have set

Y =ho/hy =% and f=09x10"%secl.

These values for the depth ratio and Coriolis parameter are appropriate for the
Mendocino escarpment off the Californian coast where double Kelvin waves
might exist. This seascarp, which is centred at about 40°N latitude, extends
westward for nearly 3000 km, with the shallower water to the north. According
to the theory, double Kelvin waves should progress westwards, or, in terms of the
co-ordinate system used in the present analysis, in the negative y direction. How-
ever, since the seascarp model discussed in this paper is of infinite horizontal
extent and other important effects such as density stratification and bottom
friction have been neglected, we must be cautious in applying the above theory
directly to a region in the ocean such as the Mendocino escarpment. In view of
these and other shortcomings (see §7) in the theory, perhaps the most that should
be inferred from the numerical results presented below are rough estimates of the
wave amplitude and period, wavelength and current velocities associated with
double Kelvin waves in the real ocean.

Figure 2 shows the asymptotic wave height (4.20) as a function of position at
successive instants of time. In (4.20) we have set § = 0-05 (o7y = 0-45 x 10~5sec1);
hence ¢, —¢, = 0-5 corresponds to a dimensional time lapse of about 1-2 days.
From figure 2 the following properties of the wave motion should be noted:
(i) for fixed ¢, the wavelength slowly increases with increasing negative y; (ii) as
tincreases, the wavelength slowly decreases; and (iii) as ¢ increases, the amplitude
slowly decreases. We also note from figure 2 that the asymptotic wave period is
about six days, which, for the given values of y and f, is roughly the same as the
period, 7, of a free non-divergent double Kelvin wave, which is given by
T =2n(y+1)/(y—1)f. To determine the nature of the response for small ¢ and
to check the asymptotic solution defined by (4.20), the function £(0, y, ¢) defined
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Ficoure 2. Asymptotic behaviour of double Kelvin waves generated by a transient wind
stress. The function £(0, y, ¢) defined by (4.20) is plotted as a function of y < 0 with ¢ as
parameter: (a) ¢ = 20, 20-5, 21 and (b) ¢ = 21-5, 22, 22-5. For each curve shown,
v = 1-33 and & = 0-05.
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by (4.10)—(4.12) was computed by standard numerical integration methods.
Since g(k) (see (4.11) and (4.12)) falls off like 1/k2 as k — c0, the range of integration
used in the computations was |k| < 30; it was found that this truncation intro-
duced an error of less than 0-1 9%,. From figures 3 (a) and 3 (b) we note that, shortly

Wave height

F1cURE 3. Sea level response (wave height) due to a transient wind stress. The function
£(0, y, t) defined by (4.10) is plotted as a function of y with ¢ as parameter: (a) ¢t = 0,
0:25,05,1,2,3; (b) t =4,5,6,7; (¢c) t = 8,10, 15; (d) ¢t = 20, 21; (e) ¢t = 25, 50. For
each curve shown, v = 1:33 and 6 = 0-05. Dashed lines in (c), (d), and (e): the asymptotic
response defined by (4.20) for ¢ = 15, 20, 21 and 25.

after the wind stressis applied, a single wave of fairly large amplitude is generated
in the neighbourhood of y = 0; as ? increases, this wave progresses in the negative
y direction, away from the wind stress domain (y > 0). For ¢ > 3, after which
time the wind stress and transient parts of the solution defined by (4.11) are both
very small, several more progressive waves are successively generated near the
origin; these ‘secondary waves’, however, are characterized by a much smaller
amplitude and shorter wavelength than those associated with the ‘initial wave’.
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It is instructive to note that the three properties of the response which were
inferred from the asymptotic solution are confirmed by the numerical solution
for large ¢ (see figures 3(c)—(e)). The agreement between the asymptotic and"
numerical solutions for —10 < y €< —5and ¢ » 1isfairly good only for ¢ = 20 and
21, however, for which cases — (y—1) # ~ 1. This is not surprising in view of the
fact that this condition was used in the derivation of (4.20).

=8
10 1=8 41 ©

%
. 15 15m
{\ A 21 I 1 1 |

.

,-5?20 1 1! (d
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-1 W KRR —2\/\be 2
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—10 8¢ 1—6 2 Y

~

-

Fig. 3 (c—e). For legend see facing page.

Figure 4 shows the asymptotic wave height defined by (5.4) at successive
instants of time. In this case we have set § = 0-1 and ¢ = 0-1, which implies that
0¢ =09 x 10-5sec! (i.e. a forcing period of about 8days)and ky = 1-3 x 10 8cm?,
In contrast to the asymptotic response due to a transient wind stress, we note
that for fixed # > 1 the wave height slowly decays with negative y. The wave-
length dependence on y and ¢, however, is similar to that shown in figure 2
Finally, we note that the asymptotic wave period is again about 6 days.

We conclude this section by giving estimates of the amplitude, wavelength and
current velocities associated with the waves generated by each of the wind-stress
models. For the transient wind-stress case, we find that, for 7, = 3dynes em~2,
ko = f(ghs)t = 0-4 x 108 cm! (corresponding to f = 0:9 x 10~%sec™1, ¢ = 103 cm
sec2, and hy = 5x 105cm), £, = 7o(pghskg) ! ~ 1-5cm. Hence the initial wave
has an amplitude of about 10 cm and a wavelength of about 10° cm; also, from
(2.3) it follows that the associated current velocities are about 1 cmsec. The
secondary waves, on the other hand, are characterized by an amplitude of
about 2cm, a wavelength of about 5 x 108cm, and current velocities of about
0-2cmsec™. For the time-periodic wind stress case, we find that £, ~ 0-5 cm.
Hence in this case the waves are characterized by an amplitude of about 2 cm, a
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wavelength of about 10° cm, and current velocities of about 1 cmsec—. In parti-
cular we note that the characteristic wavelengths given above are somewhat
longer than the total horizontal extent of the Mendocino escarpment (3 x 108 cm).
It is thus evident that a seascarp model of infinite horizontal extent is not very
realistic as far as the real ocean is concerned. Possible modifications of the theory
in this connexion are discussed in §7.
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42
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=
1Y
&
=
-2

t=25
FicUre 4. Asymptotic behaviour of double Kelvin waves generated by a time-periodic
wind stress. The function £(0, y,?) defined by (5.4) is plotted as & function of y < 0
with ¢ as parameter: (a) t = 10, 11, ..., 15 and (b) ¢ = 25, 26, ..., 30. For each curve
shown, y = 1:33, § = 0-1, and € = 0-1.
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7. Concluding remarks

We have shown that a transient or time-periodic wind stress which is suddenly
applied to an unbounded ocean with a discontinuous depth profile of infinite
horizontal extent can generate double Kelvin waves which travel away from the
forcing region. The stress fields considered in this paper, however, are rather
specialized; in each example the stress vector is nondivergent and has a com-
ponent only in the direction normal to the discontinuity in depth. Also, we have
not discussed here the interesting case of the response to a stress field which
represents a travelling disturbance.

Further, the discontinuous depth profile considered in this paper is a rather
crude approximation to a seascarp in the real ocean. Longuet-Higgins (1968b)
has recently investigated the properties of free waves which are trapped along a
seascarp with a continuous and monotonic depth profile which is asymptotic to
the uniform depths %, and A,. For this smooth depth profile he has shown that
(i) an infinite set of trapped progressive waves can exist and (ii), as the width of
the transition region tends to zero, the lowest-mode wave reduces to a double
Kelvin wave while the higher-mode waves degenerate into steady currents. It
would be interesting to determine whether this complete spectrum of waves could
be excited by wind stress fields of the form considered in this paper, and, if so,
whether the response near the escarpment is dominated by the lowest-mode wave.

As noted in the previous section, a seascarp of infinite horizontal extent may
also be a rather poor approximation to a seascarp in thereal ocean. An alternative
and also very interesting model that could be considered for the depth profile is

the following: hy for <0 and y>0
e = {

hy (> h,) for all other z and y,

where y is measured positive in the eastward direction. For this geometry and
a constant f plane, a double Kelvin wave travelling in the negative y direction
could not exist in the region ¥ < 0 but would propagate around the corner at
=y = 0. On the other hand, if a # plane was used along with the above geo-
metry, some of the energy associated with a westward-travelling double Kelvin
wave would be transferred (at x = 0) to a westward-travelling Rossby wave,
whieh, it is well known, could exist in the region < 0 (aregion of uniform depth).

Finally, it would be interesting to determine the effects of stratification on the
purely barotropic motions discussed here. It is not inconceivable that a significant
amount of long-period energy would also be propagated by internal waves. The
answer to this question is particularly important if a study to detect double
Kelvin waves from deep-sea buoy measurements is undertaken.

This work was carried out during a recent visit (summer 1968) at Oregon State
University, Corvallis. I am indebted to Prof. M. S. Longuet-Higgins for suggesting
this investigation and for stimulating discussions. I should also like to thank
Mr D. E. Kissell for his assistance with the numerical computations and the
preparation of the figures. Finally, the support of the National Science Founda-
tion through NSF Grant GA-1452 is gratefully acknowledged.
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Appendix
Before applying the method of steepest descent to (4.14}, it is first convenient
to make the substitution k= —iybsin®, (A1)

where k = k,+ 1k, and 0 = 0,+160,. The transformation (A1) maps the cut
k plane, illustrated in figure 1, onto the strip |6,| < %, illustrated in figure 5.
From (A1), (4.14) and (4.15) we obtain

G = expl-yFONG0O) 0, (a2
_ . (y—1)fsind
where F() = —yt s1n6—gm,
G(6) = —1y(y cos 0 + a(0))
)= 2ma(0) [6(cos O+ a(0)) + (y—1)sin ]’
in which a(f) = (y —y?sin2 0)3. (A 3)

F(6)and G(6) have branch points at 6 = + 6, = + sin~1 (y~%), which are the images
of the branch points at k = +¢; G(0) has a simple pole at —0 ~ 8(yt—1)"1 =6,
which is the image of the pole at k = ip. The appropriate branch lines in the
6 plane are shown in figure 5.

The saddle-points of F () are given by F'(f) = 0, or, equivalently, by the roots
of the equation

Oyt cos O[a(cos? 0 + a?) + 202 cos O] + (y — 1) B(y cos 6 +a) = 0. (A 4)
For 0 < <1 and (y—-1)f = O(1), it is obvious that (A 4) has no real roots.
However, if 6 = 10, and cosh 8, and sinh 8, are significantly greater than unity,
then, provided # < 0, (A 4) has aroot at 8 = is,, say, where s; > 0. Upon approxi-
mating a(isy) by ysinh s, (see (A 3))t and also cosh s, and sinh sy by exp (s0)/2, it is
ily shown that
castly SHowm T 5o~ Llog —168(y-1)
0 Sydy+1)* [’
Since (A 4) is an even function of 6, it follows that F(8) also has a saddle-point
at 0 = —1is,-
The path of steepest descent through # = is;, which we denote by C,, satisfies
the equation Tm [F(6)] = Tm [F(isy)]
= —yim—ply—1)/(y+1)9, (A 5)
where m = [—2f(y—1)[oy(y + 1)},

Im[F(6)] = —y}cos 6, sinh b,

_ply—1) sinh 6, cosh 6, + p(cos & cos §; sinh 8, — sin & sin 6, cosh G,)
é p?+2p(cos o cos 0; cosh 6, —sin a sin ¢, sinh 8,) + cos? 8, +sinh24, |’

t The consequence of this approximation is that the asymptotic wave motion is, in
a certain gense, non-divergent (see discussion following (4.20)).



On the generation of double Kelvin waves 433

in which « and p are given by

—y2sin 20, sinh 20,
2y + y(cos 20, cosh 20, — 1)

tan 2a = (|| < §m),

p = 2-H{[2y +y*(cos 26, cosh 26, — 1)]2 + y*sin? 26, sinh? 26,}%.

Since F"(is,) ~ iy¥m, it follows that C, makes an angle of ;7 with the imaginary
axis. Also, it can be shown from (A 5) that C, does not cross the real axis but again
crosses the imaginary axis at 6 = i,, where 0, > 0 and 0; < 1; at 0 =10,, C,
makes an angle of 47 with the imaginary axis. Finally, it can be shown that, as

021\
C,
15y s
Co
P
Branch i@
lines
{ X ;7

Freure 5. Diagram of the @ plane, where 0 = 0, +i0;. The curves C, and C_ are the paths
of stecpest descent through the saddle-points & = ¢sy and 6 = —1s, respectively.
28 Fluid Mech. 37
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8,~> 00, C, has the line 6; = }7 as the asymptote. The path through 6 = —is,,
which we denote by C_, satisfies the equation

Im [F(0)] = yim+ By - 1)/(y +1) 4.

It is fairly easy to show that C_ is merely the reflexion of C, across the real axis.
The paths C, and C_ are illustrated in figure 5.
Now, by Cauchy’s theorem and Jordan’s lemma, it follows from (A 2) that

to={[ [, +[ +]  |ewr-srencom,

where C; and Cj,_ are the paths shown in figure 5. The contributions from the
integrals along C, and C},_ are of order (—y)~*exp (y) and for —y > 1 are very
small in comparison with the contributions along C, and C_ in the neighbourhood
of the saddle-points. We thus find that, for —y > land¢ > 1, theleading terms of
the asymptotic representation of &5, are given by

£, ~ ( 27 )’3 {G(iso) exp [ —yF(iso) + }im] G(—1is,) exp[—~yF(—1is)— i—iﬂ]; _

—Y

[Fliso)] [P (—350)]
(A 6)
Upon making the appropriate substitutions, (A 6) reduces to (4.17).
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